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Test of Tricritical Point Scaling in Dysprosium Aluminum Garnet*
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The scaling hypothesis for a tricritical point has not received any tests from experi-
mental data for magnetic systems. Here, data for dysprosium aluminum garnet are
used to test the tricritical scaling hypothesis in the directions ¥,,%; lying in the H-T
plane. Specifically, M-H-T data near the tricritical point are found to collapse from a
family of curves to a single curve (scaling function), supporting the validity of a tricriti-

cal scaling hypothesis.

In metamagnetic materials,' and in certain
model systems,? the “critical line” H = H,(T)
terminates at a certain nonzero temperature T,
below which there is a line of first-order phase
transitions. Griffiths® has introduced the term
“tricritical point” (TCP) to describe the point
[T=1,, H=H,(T,), H,=0], where H, denotes
the staggered magnetic field.

Dysprosium aluminum garnet (DyAlG) has a
tricritical point at 7,=1.66+0.01 K, H,=3.25
kOe, as determined by measurements of Landau
et al.' The TCP scaling hypothesis® implies cer-
tain “data collapsing,” and, conversely, data
collapsing implies TCP scaling. The extent to
which experimental data near the TCP collapse
onto a single “scaling function” therefore pro-
vides a measure of the validity of the TCP scal-
ing hypothesis. In this work we test data col-
lapsing for M-H-T data (for H;=0) near the tri-
critical point in DyAlG.>®

We formulate the TCP scaling hypothesis in
terms of the Gibbs potential G(H, T): Near the
TCP, g=G- GH,, T,) +MH-H,)+S,(T-T,) is
postulated to be a generalized homogeneous

function, i.e., there exist three numbers (“scal-
ing powers”) @,, d@,, and @, such that for all posi-
tive 2,

g(xalk_u)\ﬁzfz, }\asfa)zhg(’?ufzyfs)' (1)

Here S is the entropy and the variables X ; are de-
fined at the TCP.”

Equation (1) implies that the derivatives and
Legendre transforms?® of g are also generalized
homogeneous functions with scaling powers re-
lated to the original scaling powers @;. In par-
ticular, we find the TCP exponents 83,, v,, and
5, ( in the Griffiths notation) are expressible in
terms of @,, @, only,
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where B,, y,, and §, are defined, respectively,
by the relations
MY =M ~|T,=TI%, x~|T-T,]| N,
M—-M,~|H=-H]|"%, (2b)

Eliminating @,, @, from (2a), we obtain the TCP
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scaling law,*
6,=1+v,/B,. (3)

Wolf et al.™ have determined B,, y, for DyAlG
near its TCP, with the results 8, =0.65+0.05,
y,=1.3+0.1. Accordingly, (3) predicts 6,=3.0
+0,4. As a crude graphical test of the TCP scal-
ing hypothesis, we estimated the value of §, from
the data, and found that it is consistent with (3),
but just within experimental error. Unfortunate-
ly, data along the isotherm T'=T, are not avail-

able, so visual interpolation was necessary.
This process was also made more difficult by
uncertainty in the value of the tricritical field
H,.° Using log-log plots of M- M, versus H —H,
for several trial values of H,, and also plots of
M- M,|% versus H for several trial values of
0,, we conclude that the data are roughly consis-
tent with 6, =3, and H,=3.30-3.45 kOe.

The scaling function predictions for m(H, T)
=(M-M,) /M, data with ¥, =H,,=0 may be ob-
tained by differentiating Eq. (1) with respect to
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FIG. 1. M-H-T data near the TCP for DyAlG plotted in two scaled forms. Here we have taken g, =0.65, &, =3,

H,=3.37kOe, T, =1.665 K; magnetization is measured in units of /,=250 emu/cm

x tan 6; the branch above the abscissa is for ¥, >0, while

8. In (a), we scale by ¥y =h+e€

that below is for ¥, <0. In (b), we scale by ¥3 =¢; the

branch through the origin is for ¥3 =(T - T,) /T, >0, while the branch for ¥; <0 exhibits a discontinuity at ¥, =0. All

solid curves are simply eyeball fits to the data.
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%, and setting A =(1/1%,/)¥%2, We obtain
m(£1,%,/|%,|%/ %) =m(%,,%,)/|%,|" %/ 2. (4)

Substituting 1/6,=(1-a,)/a, and 1/8,5,=a,/a,
from (2a), we find that m scaled by %,"%« is a
function of X, scaled by 372’/6" %, To use Eq. (4),
we transform the coordinates of a point (H, T)
to (x,, XJ),

X,=h +€tano, (5a)

X,=€. (5b)
Here h=(H -H)/H,, €=(T-T)/T,, and 6 is de-
termined from the slope at the TCP of the phase
boundary in z-€ space. We estimate tan6=0.60.
Were the phase boundary parallel to the T axis
at the TCP, 0 would be zero, and one would sim-
ply have the ordinary “Widom variables,” X, =4,
X3=€.

About 100 scaling plots of m/ |, Y% versus
%,/ 1%,1Y Pudu [cf, Eq. (4)] were constructed for
different combinations of the four parameters
T, H,, B,, and 6,, which were varied within
the bounds of the experimental uncertainties. All
plots include data from a wide range of temper-
atures (seven isotherms, from 1.35 to 2.3 K)
and magnetizations (from 0.5M, <M <1.5M,).%°
The degree of data collapsing is more sensitive
to the choice of 7; and H; than 8, and §,. Fig-
ure 1(a) is one such plot with 7,=1.665 K, H,
=3.37 kOe, B,=0.65, and 6,=3. This set of pa-
rameters is one of several which produce good
data collapsing. Renormalization-group calcu-
lations!! of tricritical exponents predict 8, =v,
=1, 6, =2, while Goellner and Meyer (Ref. 5)
report B, =0.97, y,=1.07, 5, =2.1 for the He?-
He* system. Using these values, we find the
data collapsing for DyAlG is definitely poorer
than that shown in Fig. 1. One might conclude
that the theoretical treatments, while they may
suffice for He®-He?, fail in some way to describe
the DyAlG TCP.*?

Figure 1(b) shows the same data scaled a sec-
ond way; one differentiates g with respect to x,,
sets A= |%,1"%, and plots m/|%,° versus ¥,/

1%, |Bu 84 Two branches are apparent, one for
%,=(T -T,)/T,>0 and one for ¥,<0; the discontin-
uity of the latter branch at X,/I%,°#°«=0 indicates
the first-order transition.

In summary, the DyAlG data appear to reduce
from a family of isotherms (Fig. 6 of Ref. 1a) to
two distinct branches when plotted in either one
of the two scaling forms, Figs. 1(a) or 1(b).

This data collapsing occurs over what we feel
is a surprisingly wide temperature range, sug-

gesting a rather large region of TCP-dominated
behavior in DyAlG. New experiments on this
material are currently in progress at Yale Uni-
versity, with the objective of probing the vicinity
of the TCP in greater detail. Tt is hoped that
these new measurements will both clarify the
question of the DyAlG exponents and make possi-
ble more refined tests of the TCP scaling hypoth-
esis.

This project owes its existence to a discussion
with Professor W. P. Wolf; we wish to thank him
also for continued interest. We gratefully ac-
knowledge helpful discussions with J. Nicoll,
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rough grid to map the region 0.5— 8.0 K in temperature
and 0—-15 kOe in field; note that the isotherm passing
nearest the TCP is at € = 0.03. Unfortunately, there
are considerable experimental difficulties associated
with measuring magnetizations near the TCP and the
first-order line; these are discussed in Refs. 1a,1b,
"E, K. Riedel and F. J. Wegner, Phys. Rev. Lett. 29,

349 (1972).

12A second possibility, though, is that the area around
the TCP in which true asymptotic behavior could be ob-
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Of course, this interpretation is possible for all expo-
nent data.

Pressure Variation of the Quadrupole Interaction in Cadmium Metal*

N. C. Mohapatra, C. M. Singal, and T. P. Das
Department of Physics, State Univevsity of New York, Albany, New Yovk 12222
(Received 28 June 1973)

A theoretical study, for the first time, of the electric field gradient in cadmium metal
at two pressures yields a pressure variation in agreement with time-differential per-
turbed-angular-correlation data. The sign of the net electric field gradient determined
by the electronic contribution, which is larger and of opposite sign to the ionic contribu-
tion, in conjunction with imminently expected experimental sign of the coupling constant,
will provide the sign of the excited cattt quadrupole moment,

The recent exploitation of the time-differential
perturbed-angular-correlation (TDPAC) tech-
nique’~* to study nuclear quadrupole interactions
in metals has provided a valuable opportunity to
improve our understanding of the origin of the
nuclear quadrupole effects in metals. This tech-
nique provides a means of studying quadrupole
interactions in excited states of those nuclei which
have zero quadrupole moment in the ground state
and would therefore not have been suitable for
study of field gradients at nuclear sites. One ex-
ample which has been exploited most extensively
in this respect is the excited state of Cd*** which
has a spin of 3. In particular, both the quadru-
pole coupling constant in cadmium metal and its
variation®'® with pressure and temperature have
been studied recently. In the present study, for
the first time in a metal, a theoretical analysis
is carried out for the pressure variation of the
field gradient in cadmium, including both conduc-
tion electron and ionic contributions, for com-
parison with experiment. An equally important
and timely result of the present study is the sign
of the field gradient, since development of exper-
imental procedures are currently® under way to
determine the sign of the coupling constant e?qQ
through the TDPAC technique. A combination of
our theoretical sign for eq and the experimental
sign for e®¢@, when the latter is available, should
provide the sign of @ for the excited state of Cd'"’,
which should be very useful for the testing of nu-
clear theories for Q.
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The study of the conduction electron contribu-
tion®® to the field gradient eq requires a detailed
scanning of the occupied Fermi volume, rather
than just the Fermi surface as is the case for
magnetic hyperfine properties. The band energy
values and wave functions have to be calculated -
at each of the scanned k points in the Brillouin
zone (reduced zone scheme), the energy values
being needed to decide which of the energy bands
at the point lies below the Fermi energy. The
occupied eigenstates are used™ to calculate the
electronic contribution to the field gradient. In
the present work, we have carried out two such
calculations for two pressures, namely 1 atm
(~1 bar) and 50 kbar.

In common with the earlier successful inter-
pretations®'® of Fermi-surface properties of
cadmium, a pseudopotential approach is utilized
here for obtaining the energy bands and band
wave functions. However, in our present work,
we require wave functions in the entire Fermi
volume rather than the vicinity of the Fermi sur-
face. The available nonlocal energy-dependent
pseudopotential having been derived for the latter,
it has to be modified to apply to all of k space.
The procedure for this shall be briefly described.

The general form of the energy-dependent
pseudopotential is given by

V,(E)=V +23,(E-E,)P,, 1)

where V_ is the real potential seen by the conduc-
tion electrons, and P, is the projection operator



